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SUMMARY

*Corresponding Author o . . .
The modernisation of the railway sector, in particular through the

Ursula Joyce Merveilles

Pettang Nana introduction of new, high-performancerolling stock, as required by the
PhD Doctor, Department of UAGS strategy, implies taking into account the particularly formidable
Civil Engineering, National dynamic loads on existing bridges. In order to make this equipment

A hool of : - :
dvanced School o useful and to integrate it into the development of the railway network,

Engineering, University of

Yaoundel, P.O. Box 8390,
Yaoundé, Cameroon. analysis makes it possible to classify which of these structures should

which is now desired to be of a high standard, a prior diagnostic

be preserved or renovated. With this in mind, this paper presents a

simplified combined method for calculating the dynamic response of railway bridges in order
to simulate their behaviour in service. Using the Finite Element Method (FEM), we worked
with a three-layer unequal element track model and a 10 degree of freedom vehicle model.
The main excitation of the system is the set of irregularitiesof the track taken into account by
the sinusoidal PSD function of the German model. The interaction forces were expressed

using the linear Kalker theory. The resulting 2D matrix equation of motion of the train was
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solved by Newmark's  numerical method. The simulation carried out on the second bridge
over the Wouri river, allowed onthe one hand to verify the proposed method with convincing
results which present limits at the level of the continuity of the railway track on firm ground
(when the train is not entirely on the bridge) and on the other hand to note that existing
bridges such as the Wouri river are able to receive locomotives at higher speeds (220km/h)

without significant modification of the structure.
KEYWORDS: Dynamic loads, rail bridges, FEM, Newmark's 8 method.

INTRODUCTION

The flow of goods and people in Africa has been increasing significantly according to IMF
data since 2013. This growth absolutely requires a quality rail transport sector, because as
elsewhere in the world the rail sector has many assets that catalyse economic growth [Michel
Leboeuf, 2016]. However, rail traffic is stagnating in Africa while it has been growing
exponentially since the 2000s worldwide. Indeed, apart from South Africa, the rail network in
sub-Saharan Africa is fragmented and not very coherent [Pourtier R., 2007]. Compared to
colonial times, it remains very small and in very poor condition [Olievschi V. N., 2013]. In
addition, there is a shortage of railway expertise at all levels of the sector [ADB, 2015]. This
lack of knowledge inevitably undermines the prospects for modernising the railway fleet and
infrastructure, which is a matter of mastering dynamic train-bridge analysis. It has often been
sufficient to take into account the dynamic effects by means of a so-called dynamic
amplification coefficient, which is no longer sufficient today. On the one hand because most
modern trains (even freight trains) exceed 80 km/h (SNCF standards), and on the other hand
because this approach does not take into account all the phenomena generating dynamic

effects,as well as resonance effects [EC1-2, 2004].

Dynamic railway analysis is more than 180 years old and has become a very topical areadue to
the technological evolution of the sector. Despite the large amount of work on the subject, it still
has a complex character due to the multiple factors related to the train and the railway track
[Zhang N. et al. , 2016]. In fact, the nodes of difficulty that we will address lie not only in
the accuracy of the models representing the vehicle/bridge systems, but also in the interaction
between them. After the presentation of the mechanical model of train-track-bridge system
and the dynamic nature of the {vehicle/track} system, we propose a combined calculation
method adapted to the growing of developing countries. The application of this method to the

second bridge over the Wouri in Cameroon allows to conclude on its relevance.
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Mechanical model of the train-track-bridge system

Modelling choices for the track-bridge sub-system

In order to focus on the forces transmitted on the bridge deck, the bridge bearings, piersand

foundations can be dissociated from the model [Kourousis G., 2009]. Recent work showsthat

the most relevant models for characterising each essential component of the track model are

listed below.

The bridge deck: it is discretised into "bridge" elements each modelled by a Euler-
Bernoulli beam of length [y, strictly greater than the length of the rail elementixin orderto
speed up the numerical processing [Lou P. et al. , 2012].

The rail: the model used for each rail element is also the Euler-Bernoulli beam. It is a
simplistic model which remains valid when only vertical motion is considered and with
vibrations below 500Hz [Kourousis G., 2009].

The sleepers: they are taken into account in the most accurate track models [Lou P. et al.,
2012], each represented by a rigid rod of concentrated mass ms. They are spaced from
each other by a lengthls,.

The attachment systems (or footings) and ballast: their vertical elasticity and damping
properties are modelled as springs and massless dampers represented by a stiffness krs

and a damper crs on the one hand; and a series of spring ks, and a damper csp.

The whole set is connected as seen in the diagram below. It is assumed for conveniencethat

the length 1. equals a multiple of the length I%. The rail and bridge elements are Euler-

Bernoulli beams whose properties are Young's modulusEr, Eymodulus; quadratic moduli I+,

Ip;cross sections Ar, Apand linear masses pr, ppwhere the subscripts r and b denote the rail

andthe bridge respectively.

The illustration of these elements of the unequal element bridge-rail coupling model is shown

in figure 1.
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Figure 1: A rail-bridge coupling element of unequal lengths [Lou P. et al., 2012].

1.1 Modelling choices for the train subsystem

The train is composed of several elements running at the same speed called vehicles (the
wagons and the locomotive), which are assumed to be disjoint and independent [Zhang N.
et al., 2010] as they are N, on a given track. In order to take into account the characteristics
of the train, we introduce the vehicle as a multi-body system (the different vehicle models
being explained in [Kourousis G. et al., 2014]). We choose the 2D model, described by
[Cantero D., 2015], which also offers results close to those of the 3D model (less than 1%
difference forvertical displacements [Zeng Z.-P. et al. , 2016]). Each vehicle will have 10
ddl, the seven vertical displacements of the masses (wheel, bogie and body) and the three
rotations of the rigidbars (bogie and body). An example of vehicle model is given in figure 2.

— L —— L. —]
ecj
7 m. J, car body
|
!
¥ v

rear bogie j % front bogie
rear wheelset k

front wheelset
rail element

Figure 2: Vehicle model with its ddl [Lou P., 2012].

Dynamic nature of the {vehicle/track} system

The source of excitement

The main source of excitation of the track is all its irregularities. We will use the power
spectral density function PSD of the German model, which includes all the types of
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irregularities found on old African railways. It is defined by the following equation where 2, =
0.0206 rad/m; 0. = 0.8246 rad/m. The degree of roughness Ay of the track is defined by a
range of values fromAy = 4.032 x 10" m*(rad/m) for tracks in good condition tody =

10.80 x 10" m*(rad/m)for tracks in poor condition.

2
Ay 02

Longitudinal levelling defect: SV (2) = (077 02) (02702 (1)
Misalignment : S4(NR2) = (.122+Qé‘;?jz+ﬂé} (2)

Level defect: S (12) = (;12+;1[,:,2,1;?;/1§§+>:§}T;2+ﬂ§) (3)
Gap between rails: S¢(2) = C AcEn” (4)

02+ 02)(02+08) (22 +02)

In the case of ballasted railways, these levelling faults are largely created by the settlement of
the ballast layer which directly receives the loads due to traffic [Quezada J. C., 2012].

3.2 Wheel/rail contact forces: Kalker's linear theory

Subjected to the mass of the vehicle, the steel constituting the rails and wheels deformsdue to
its elasticity, and the contact between them becomes surface where some points may slip,while
others may roll as the two bodies move relative to each other (it’s illustrated in figure 3).The
small apparent slip that arises generates tangential pseudo-slip forces [Moncef Toumi, 2016]
and rotational momentum [Khaled E. and Schwab A., 2009].

roue rigide roue déformable

rail

X

Figure 3: Herz problem applied to the railway case [Kourousis G., 2009].

F, C11 0 0 S
Fy = —Gab 0 sz \."a.ngg {‘5—_}'}, (5)
M‘P D — W abC33 ab 633 Stq:r

G being the shear modulus, the longitudinal, transverse and transverse pseudo-shear
forcesFxand transverseFy, and the moment Mgabout the vertical axis to the longitudinal

and transverse pseudo-shear components &and transverseé, (f*ouf22 ) and in the vertical

directioné,.
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There is a complete or exact theory for the expression of pseudogloss, but the implementation
is very constraining. Some authors use a simplified Kalker formulation which has a low

computational cost and a satisfactory accuracy (80% to 90%).

I o S8a
(7 _satn ~ = 3c,c
EFAE - I — 8a
- Sazbg ﬂasb{: »Ou = » 2C22G G)
—_—— e, - = 2
F, 2y AL, °% L, — 7zt
* acvabCzz

Combined calculation method: Coupling and interaction equations of the vehicle/rail/bridge

system.

Formulation of elasticity and damping of fasteners and ballast

In order to formulate the elasticity and damping of the fasteners and ballast, let us first
consider an i-th rail element connected to a tie by a fastener as shown in Figure 3. The upper
connection point of the fastener has a ddl depending on the rail movement expressed by its
fourddl (yri; 6zr:) and (yris1; O2ris1) While the lower connection point has a ddl dependent

on the vertical movementy; of the sleeper.

The elastic deformation energy of a discrete spring of the clamp taken at the position &5 =

xr¢/Ix IS written as:

y.e

Spad

1 2
= Ekrs(Nr.lyr,i + N?'.Zgzr,i + N?'.3yr'.i+l + N}',4gzr',i+l - ys)

Ny 1Ny 2
N?‘JZN?‘.Z

Ny 1Ny 3
Nr,? Nr‘,S
Nr',SNr',S

Ny 1Nya
N?‘.ZN':‘A
N?:S Nr.4
Ny 4N, 4

*N,-_ Yr.i
'gzr,i
X | Vri+1
QZT‘.EJrl
Vs

yr',i
'921‘,1‘
yr‘,i+1

Nr,iNr',l 1
Nr‘,2

7N?'.3

_Nr',4
1

x

! k
— E rs
9Z?‘.i+1

Vs

(sym.)

1 T
:E[yr.i gzr',i Vri+l gzr,i+l ys]kgad [yr.i gzr,i Yri+1 Bzr,i+l ys] (7)

Hence the elementary elasticity matrix of a fastener :

Nr‘,iNr',i N‘:‘.IN?‘,Z
N?'.ZN?'.Z
ke

pad

= k}'S
(sym.)

Ny 1Ny 3
N}',2Nr',3
Nr‘,SN':‘JS

N, 1N, 4
N?'.ZNr.Al-
Nr,s Nr‘,4
N, 4N, 4

_Nr.
iN?_J

1

2
"3
4

‘?E:&'s

(8)

With :

Np,(&rs) =1 — 385 + 285
N2 (§rs) = (&ps — 285 + &3 1n
N3(&,5) = 3875 — 285

N4(€rs:) - (_5125 + '513‘,5)1‘:]301‘151‘5 -

‘X?'S

Iy
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Similarly, the elementary damping matrix of a tie is also a matrix 5 x 5 deduced fromthe

previous one by replacing ks by crs.

Nr.lNr.l Nr,lNr,Z Nr,lNr,S N?',_LNrA *Nr,l
N!‘.ZN!‘,Z Nf‘,ZNT,S Nr,? Nr‘,4 *Nr.z
Cf)ad. = Cps Nr.3Nr.3 Nr',SNr',f-l- 7Nr,3 (9)
(Sy?n- ) N:‘,4Nt',4 _Nr,4
1 ";C:‘;;rs
I[ ; I m. U, sleeper
i - . kw Cun ballast
the 2-th rail element
T | )
) i y e g th brid . Opie
7 s the 2-t ridge element Yot

pad N L

Yo sleeper T L T— |

Ligure 5: Connection of crossbar and ith bridge

Figure 4: Connection of sleeper and ith
element

rail element
In a second step talking about the elasticity and damping of ballast, let us consider a sleeper
connected to ani-th bridge element by ballast as shown in figure 5. The upper connection
point of the ballast has a ddI depending on the vertical movement of the sleeper, while the ddl
of the lower connection point isys of the sleeper while the ddl of the lower connection point is

dependent on the motion of the bridge expressed by its four ddl (ypi; 8zp:)and (Vb i+1; b i+1).

The elastic deformation energy of a discrete ballast spring taken at the position &, = xsi/Lpe

is written as:
y.e 1 2
Epallast — Eksb (_}75 = Np,1¥pi = No20z0,i — Np3Yp,i+1 — Nb,49zb,i+l)
Vs T 1 _Nb,l —Nb,z _Nb,s _Nb,4 Vs

1 Yb,i NyiNp1 NyiNps NyiNps NyiNpa Vb,

——kg O2p,i X NyoNyo NyoNps NpaNpa|x| Oz
Ybi+1 (sym.) Ny3Nys NpsNy, Ybi+1
Ozb,i+1 NyaNysl L0zt

1 T
:E[ys Ybi Oavi Yo+t Oonist |Kbauase[Vs ¥o.i Ozbi Yois1 Omien | (10)

Hence the elementary matrix of the ballast :

1 “Npy Ny =Nz =Ny,
NyiNp1 NypiNpo NpiNyz NpiNpg
K anast = Ksp NyaNpy NpoNysz NyoNpy (11)
(sym.) Ny 3Ny 3 NbJSNbA
NpaNpal,
AT ke
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Ny1 (&) =1 — 382, + 285,
Npo(€sp) = (fsb — 285 + &) e
NbB(fsb) — 25;

Xsh

Nypa(Eep) = (&2, + &) p0uéy, = K

Similarly, the elementary damping matrix of the ballast is also a matrix 5 x 5 deduced from

the previous one by replacing ks, by csp.

1 —Ny; Ny —Ny3 —Ny 4
Ny Ny1 NyiNpo NyiNps NpiNyg
Chaltast = Csb NyoNps NpaNps NpoNpg (12)
(sym.) Ny3Ny3 Ny3N,,
N, 4N
bATDA g,

1.2 2D equations of motion of the train-track-bridge system

We will adopt an approach in generalized coordinates which allows to obtain a compactsystem
of equations whose number is strictly equal to the number of degrees of freedom of the
studied system. We only consider the case of vertical motion, so the configuration parameters
taken into account are only related to vertical displacements and rotations in the plane of the

paper. We take the type of model represented in figure 6 for the equations.

1 N,
/.
// +m +m
1/
k.\ c.\ k,\$c\ k,\ C\
Lt md o my [+ ] [ i my s
bs ig % %mcp
My my My My
4 /) v
% da 1F 4
ky Gy pad
m, sleeper
ko Cp ballast
5 . 7 3

bndﬂc
Figure 6: A typical train-track-bridge interaction system [Zeng Z.-P., 2016].
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Mo, 0 0 01(%) Cw Cop 0 07(%) 1Kew Ko 0 07/X,
0 My O 01)X + Cv G Gs O X, + Kv Ko K 0 X, _
0 0 Mss 0 )"(s 0 Cor Css Csp XS 0 Kq; Kss Keb Xs
0 0 0 Mbb Xb 0 0 Cbs Cbb Xb 0 0 Kbs Kbb Xb

Fy

F, )

. (13

Fy

Where M, C and K denote the mass, damping and elasticity sub-matrices respectively, X and
F represent the displacement and force vectors respectively, and the subscripts "v", "r", "s"

and "b" denote the vehicle, rail, sleeper and bridge, respectively

We have written this matrix equation omitting the time parameter (t) so as not to clutterthe
equations.
- If N, 1s the total number of vehicles,
T
Xy =Xy Xp o Xow] (14)
Where X,,; 1s the vehicle displacement vectorj which 1s expressed as :
Xoj = [Vej Ozcj Yo1j Ov1j Yooj Ozv2j Ywtj Ywaj Ywsj Ywaj] (15)

- If N,, is the number of rail elements along its length. then we have (N,, + 1) nodes.

Xr = [Xr,l Xr,? Xr,i Xr',N?‘9+l]With :Xr.i = [yr,i ezr.i] (16)
It should be noted that ., = Ly,;gge/Nyo (17)

‘ T
- If N, 1s the total number of sleepers, X, = [ysl Vsg o yst] (18)
- The number of bridge elements on a span can be deduced as i (i = 1,745, )10, bY the

proportionality relations :

Lspani

1 . - .
Npe, = ,tel que Ib—"’ € N; where L, q,, is the length of the span .

lpe e

It can be seen that an (I,,,; ly) ideal couple checks L, ,,, = PPMC(l;,; l;). Then :

Nspan -
Xp = [Xb,l Xpz - Xpi o Xb.Nbe+1] ; Npe = Zi‘:}i Npe; with : X),; = [yb,i sz,i] (19)
- The sub-matrix of the train is a diagonal matrix of order10N, X 10N, expressed as

follows: M, = diag(le e My ---MVNV) (20)

Where M,,; is the mass sub-matrix of order 10 X 10 of the j — iéme vehicle whose expression

18 :
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My = diag(m. I. m, I, m, I, m,, m, m, m,) (21)

(’m.c: masse d'une caisse de véhicule
I.:module d'inertie d'une caisse
With { m,:masse d'un bogie
I,:module d'inertie d'un bogie
my,: masse d'un essieu

- The rail mass sub-matrix is a diagonal matrix of order 2(N,,, + 1) as there are 2-ddl per

node, induced by the rail itself and by the axle wheels:

Mrr = Ml‘l‘l + M1‘1‘2 (22)

__ wN Lye T o
Mrrl - Ei:ri 019 :"n'rNr'iNri df (23)

Ny (i=1,2,.. ,Nre) is the vector of shape functions for i-th rail element of order 1 x 2(Nye + 1).
To construct N,; at each iteration, cancel all elements of the vector except the elements
corresponding to the four ddl of the two nodes of the rail element: N, =[00... Ny

Nr» Nr3 Nyy ... 0], where N5 is at position 2i — 1.

The ddlI of the wheels are not independent, but linked to the ddl of the rail. This is whyin the

formulation of the global mass matrix we have M-, induced by all axle masses.

112 EJ 12}1 1”1 thjh (25)

The size vector 1 x 2(Nye + 1) Njr =[00 ... Nyg Nrp Nr3 Nrg ... 0] is evaluated at the
local position & (h = 1 which represents the distance between the h-th axle of the jvehicle

and the left node of the rail element on which the axle acts. For Njx (h = 3, apart from the
elements corresponding to the four ddl of the two nodes of the rail element on which the

vehiclewheels act, the other elements are zero.

In concrete terms, the positions of the axles of the vehicle of interest must be determined j

thendeduce their action raili(h) and their respective local coordinates at each instantt.
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le = UOt + U - 1)Di)l.’

Xj2 = x5 + 21,

,ou D, estla distance entre deux véhicules consécutifs. (27)
ng = 1 + ZIF
Xja = X1 + 2(L, + 1)
Thus,
i(h) = Ent(xjn/lo) + 15 & = x50 — Ent(xn /L) X Lo | /1o (28)

Where Ent () is the integer function.
- The sub-matrix of the sleepers is a square matrix of order N, x N,

M. = diag[mom; ...m.] (29)

- Atthe bridge, M, = ¥1%¢ f;be myNLN,; d& (30)

In the same way as with the rail element, note that the vector Ny (i=1,2, ...,Npe) is the vector
of shape functions for i-th bridge element of order 1 x 2(Ny + 1). To construct Ny; at each
iteration, cancel all elements of the vector except the elements corresponding to the four ddl
of the two nodes of the rail element: Np; =[00 ... Ny1Np2Np3Np4 ... 0] (31), where Np is
at the position 2i — 1.

- For the train, the global matrix is composed of the matrices of the elementary

vehicles: Ky, = diag [Kvl e Kpj o KNH] (32)

Where Ky; is the mass sub-matrix of order 10 x 10 of the j — iéme vehicle whose expression

is:
2k, 0 0 0 0 0 0 0 0 0]
0 2k 120 0 0 0 0 0 0 0
—2k, — kg 0 2k, 0 0 0 0 0 0o o
0 0 o 2kpL3 O 0 0O 0 0 0
K —2k,, — k. 0 0 0 2k, 0 0O O 0 o0 .
v 0 0 0 0 0 2k,I3 0 0 0 0 o
0 0 —k, 0 0 0 k, 0 0 o
0 0 —k, 0 0 0 o k, 0 O
0 0 0 o ~k o o o k, O
0 0 0 0 —k, 0 0 o o kel
Identically we have :
i 2ecg 0 0 0 0 0 0 0 o 0]
0 2c12 0 0 0 0O 0 0 0
—2cp — Cs 0 2¢, O 0 0 0 0 00
0 0 0 2c, L3 0 0 0 0 0 0
—2c, — ¢ 0 2¢ 0 0 0 00
Cvj _ Cp Cs 0 0 p 2 (34)
0 0 0 0 0 2¢,l3 0 0 0 o
0 0 —cp 0 0 0 cp, O 0 o
0 0 —< 0 0 0 0 ¢ o0 0
0 0 0 0 —cp 0 0 0 ¢, ©
| 0 0 0 0 —cp 0 0 0 o “pl

- For the rail K, is a sub-matrix of order 2(NV,, + 1) x 2(N,, + 1) defined by:
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K?‘r = Krrl + K?‘rz + KrrB (35)

n'T

Krrl freE I N N”df K112 END k NTN K113 = Zi\fslk N.rru r.u(sﬁ)

j=1 =1"p*Yjh*Yjh-

The vectors of functions of forms Njp N" are the same as those defined in the previous
paragraph. The prime exponent (") means the second derivative with respect to the local
coordinateé. The vector of functions of form N, (u =1, ..., Ns) is evaluated at the relative

position &, of the uThe shape function vector is evaluated at the relative position of the -th

tie(or crossbar).

Xy = (u - 1)£.sp (3?)
i(u) = 1 + E”t(xlt/f?'é‘) ; (38) f?'.lt = [xll - E”f(xll/f?'é‘) X I?'E.‘ :I/I?'t:? 39)
N, ., [0 0 .. N,y Ny N3 Npy .. 0]E=¢‘m (40), N, ; 1s at the position 2i — 1.

The damping sub-matrix is similarly defined in terms of the matrices C,-,0f all vehiclesand

Cr0f all attachments.

Ny
CI‘I‘Z :ij'j_ ﬁ—lr N Jh (41) C113 Zu_j_ 75N1Tu . (42)

The sub-matrix of the sleepers is a square matrix of order N x N,
Kss = dlag[krs + kakTS + ka e kTS + ka] (43)

Css = diaglcrs + cspCrs + Csb ... Crs + csp] (44)

The stiffness sub-matrix for the bridge is a square matrix of order 2(Ns. + 1) composedof the

stiffness matrix of the bridge itself and the stiffness matrix induced by the ballast:
Kpp = Kpp, + Kpp, (45)

N e [lbe HT " - _
Kpp, = i fb Eply Ny Ny;dE (46). Ky, = Zg kN gNb.g (47)

The vector Np; (i=1,2, ...,Nye) is defined in the previous paragraph as the vector of shape functions
for an i-th bridge element. The vector of shape functions N,4 (g = 1, ..., Ny) is evaluated at the
relative position &, 4 of the g-th ballast (or sleeper). To construct N, 4all elements of the vector except
those corresponding to the four ddl of the two nodes of the bridgeelement containing this ballast must
be cancelled. x, = (g — 1)L, Similarly, we construct the damping submatrix by summing the

contributions of the ontitself and the ballast:Cp, = Cip1 + Cppo. For the first component, we will use the
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Rayleigh formulation [Chopra A. K., 2011].

Cop, = agMyp, + a1 Ky, (48)

2wiw, (49), 2 <0
w1 + Wy = E(ul + w5 (50)

ap = ¢

Where w1, w, are the first two modes of the bridge, and¢its damping coefficient

Cbbz = Zg j_f'sbNngbg (51

Vehicle-rail interaction sub-matrices

Ny N
K _Z : Zh 1 _}h :ijl lkp jh j'h (52)
N} i |
Cor = Zj';l i:i th (53)

K,, = KI?:T' (54)

Rail-sleeper interaction sub-matrices
K, is amatrix 2(N,., + 1) X N,
K. =k[-NIy —NT5.. =N, .—Niy] (55
Crs = ¢ps[-NFy —NTp.. —NI. ..—Niy] (56)

The cross-bridge interaction sub-matrices:

_ T : _ 5
Ksb - sb[ Nb 1 sz _Nb.g L ND,NS]- Hbs - K;E; (38)
T T T : _ T <
Csp = l5.«3;{}[_Nb.l_I\'FE},Z _Nb,g e Nb,NS] : Cps = Cop (59)
In the coupling formalism we have used, the contact forces between the vehicle and thetrack

will not necessarily be calculated because they are internal forces. Therefore, the vector of

external forces will only include the self-weight and the dynamic excitation.

Force acting on the vehicle: The sub vector of forces acting on the train is the column

vector F,of order 10N, of the forces exerted on each vehicle j noted F vj
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T
F, = |E By, Foy, (60)
Ry =FEL+FL (6]
Let us use the formulation of [Lou P. et al., 2012].
I 0
0

kp[2h(x};) + 2h ()]
kp‘lb[z""(xfi) - Zh'(sz)]
kp[2h(x};) + 2h ()]
keyly[2h(x} ) — 2h(x])]

Vj W gxle A
Woted 1)

Waxie 4 A
bo h(sz

(62)

Waxie A A
bo h(xjg

w A
asteZ )

- 0

0
cp[2h(x})) + 2R(xj)]
cplp[2h(x)) — 2h(x))]
cp2h(x}]) + 2h(x}))]
g2 = | [2h() = 2h()] | (63

7 [t + (e,

ﬁ%z _1"1 (xji)
22 [(x2)
)

22 ;7.4
i [h(x

Li(x0)]
2h()] |

_I_

1:7 eyl
—I-Eh(sz |
_l_

_l_

With h is the generating function of the random spatial variation of irregularities, A its first
derivative with respect to time, Wax the maximum axial load of a vehicle, A a parameter

characterising the inclination of the rail as a function of the rail-to-wheel contact point.
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. . Ar oL Ah T ﬁ_ ) ﬂ )
hO= e = I e~ Vo I = o5 (69
h(x) = —vg - X (Y 2k?AF3S 4 (KAF) sin(kAFX + ¢y)) (65)

The exponents on xV, x4, x¢ respectively represent the abscissaex of the levelling,

alignment, and track gauge irregularities at the position of the h-th wheel of the vehiclej.

The term f?* represents the transverse pseudo-slip coefficient between the rail and the h-

jh
thwheel of the j-th vehicle.

The force on the rail F; is the order matrix Nr. x 1 which is calculated for the points on the
rail concerned by:

Fr=F0+FV + FA+ F3+ F4 + F5 + F6 (66)

F° Force vector of the loads on each axle due to the weight on the rail

F*Force vector of the loads on each axle due to rail levelling irregularities

F?Force vector of the loads on each axle due to rail alignment irregularities

F3Vector force of the loads on each axle due to irregularities and track gauge

F*Force vector of the loads on each axle due to the derivative of the rail levelling
irregularities

F°Force vector of the loads on each axle due to the derivative of the rail alignment
irregularities

F®Force vector of the loads on each axle due to the derivative of the irregularities and

the track gauge

All elements in the sub-vectors of the forces on the crossheams F; order Ng x 1 and onthe Fp
order bridge 2(Npe + 1) x 1 is zero.Practical simulation: the case of the second bridge over the

Wouri

Data and working assumptions for the case study
Table 1: Train parameters used for the simulation.

Rating [Description Value Unit
me  \Weight of the box 4.175 x 10° Kg
I Modulus of inertia of the body 2.08 x 10° Kg.m?
I Half axle between bogies 6.0 m
lp Half axle distance between bogie axles 1.25 m
k» Primary suspension spring rate 1.18 x 10° N/m
cp,  |Primary suspension damping 3.92 x 10* N s/m
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ks Secondary suspension stiffness 5.3 x 10° N/m
Cs Secondary suspension damping 9.02 x 10* N s/m
my  |Mass of a bogie 3.04 x 10° Kg
I, [Module of inertia of a bogie 3.93 x 10° Kg.m2
m,  |[Mass of an axle 1.78 x 10° Kg
v Locomotive speed 60 < v < 220 knmvh

The bridge is a successive cantilever bridge consisting of eight beams 23+91+129.5x4+91
+23=746 m.

Table 2: Table of track parameters.

Rating Description | Value | Unit
The bridge

Ap Cross-section 12.83 m2
Ep Young's modulus 40.52x™ | N/m2
[pe Inertia module 3.81 m4
Mmpe Mass per unit length 3.4188x™ | Kg/m
Ep Depreciation coefficient 1 %
lpe Length of the bridge element 5.16 m
The rail

Ar Cross-section 77.45%10-4 | m2
Rating Description Value Unit
E, Young's modulus 210x 10° | N/m2
I, Inertia module 3.22x10-5 | m4
D.roue Half distance between rail centres 0.50 m
my, Mass per unit length 60.64 Kg/m
In Length of the rail element 0.645 m
Fasteners and ballast

ks Stiffness of fasteners 6.0x"% | N/m
Crs Fastener damper 7.5x"% [N s/m
ksh Ballast stiffness 2.25x'% | N/m
Csh Ballast damper 6.0 |Ns/m
Crossings

ms Mass of the crossbar 680 Kg
lsp Crossbar spacing 0.645 m

We make some simplifying assumptions to implement the methodology.

1. We consider an isolated locomotive, i.e. N, = 1.

2. The bridge is We assume that the beams are of equal length, 129 x 6 = 774m.

3. The finite elements adopted for this work are such that :n(l-¢; lpe) = (0,645 ; 5,16) [m] <
(Nre; Nie) = (1200 ; 150)

4. The ballast and ties are discretized under sleepers spaced at L5, = L. = 0,645 mwhich is a
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sufficiently fine mesh.

5. The rail surfaces are assumed to be smooth in the first instance, and in good condition in
the second instance (with simulation of irregularities with the German PSD generator
function). The irregularities taken into account are alignment (SV) and longitudi-nal
(54).

6. The additional effect of the displacements of the bridge structure on the irregularity is
neglected.

1.3 RESULTS AND DISCUSSION

The equation is of the form

My, 0 0 01(X) C C,r 0 07(%
0 M, O ol]X, n Cov Coo Cw 0 ]]X,
0 0 Ms 0 jI(s 0 Csr Css Csp X
0 0 0 Mbb Xb 0 0 Cbs Cbb Xb

Kov  Kor 0 0 Xy F,

K Ke Koo 0% ()

0 Ksr Kss Ky, Xs Fs

0 0  Kps Kpp 1 \Xp Fy,

Where M, C and K denote the mass, damping and elasticity sub-matrices respectively, X and
Frepresent the displacement and force vectors respectively, and the subscripts "v", "r", "s" and

"b" denote the vehicle, rail, sleeper and bridge, respectively

Xo = We Ozc Vb1 Ozp1 Vo2 Ozp2 Ywi Ywz Yw3 yw4]T

T . T
Xr = [Xr.l X?',Z Xr',z' X:‘,l?(}l] with : Xr,i = [yr,i Szr,i

Xs — [ysl Vs2 v ysNS]T

T T
X, = [Xb,l Xpo o Xpi o Xb.lSl] with : X ; = [}’b,f Szb,f]

When the rail surface is assumed to be rough, the German PSD generator function can

simulate the random irregularities in the vertical plane shown in figure 7.
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« 107 IRREGULARITE GENEREE PAR LE MODELE ALLEMAND
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0 50 100 150 200 250 300
Distance (m)

Figure 7: Track irregularities transformed by the German spectrum.

The resolution of the dynamic interaction system gives the temporal evolution of thesystem

response in terms of displacementsX(t)velocitiesX (t) and accelerationsX (t) at all nodes
of the system under study. From this, the magnitude of this response can be appreciatedas a
function of the vehicle speed, the type of train loading and the track condition.

wo  =1,0075x 10" rads

wo = 3,070 x 10% rad/s min

The track response is speed dependent, e.g. maximum vertical rail displacement of 0.0942m
Or approX.vmax = 220(km/h) For example, the maximum vertical displacement of the rails is
0.0942m or about 94mm; the maximum displacement of the bridge is 0.153m or about
153mm (figure 8 below).

deplacement {m)
=

temps (s)

Figure 8: Time diagrams of rail node displacements and accelerations at 220km/h.
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There are twice as many nodes on the rail element as on the bridge element, hence the

diagram is denser above than below (it’s illustrated in figure 9).

015
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0.2

01 /
—— 005
. \ 21 4
-0.15 L
]

temps {s) temps (s)

accaleration (mis2)
L=]

deplacement (m)
=3

Figure 9: Time diagram of bridge node displacements and accelerations at 220km/h

Knowing that the deflection is limited to L/500=258mm, it can be seen that the condition for
limiting the deflection is verified. But we can notice a limit of the model when the train is not

completely on the bridge.

In figure 10, 11 we show the results for the low speed 60 km/h.
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Deplacements (m)
<
Acceleration (m/s2)
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Figure 10: Time diagram of rail node displacements and accelerations at 60km/h
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Figure 11: Time diagrams of displacements and accelerations of bridge nodes at 60km/h

We test the model with other velocity values in order to draw a graph about simulation of
maximum bridge displacements as a function of speed (figure 12).
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Av = 150(kmvh) maximum rail displacement is 32mm; maximum bridge displacement is
52mm.
Av = 100(km/h) maximum rail displacement of 19mm; maximum bridge displacement of
smm.
Avmin = 60(km/h) The result is a small rail displacement of 14mm; a maximumbridge

displacement of 3.8mm.

160

140 -

120 -

100

80

60 -
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1 1 1 1 1 1 1
60 80 100 120 140 160 180 200 220
Vitesse du train (kmsh)

Figure 12: Simulation of maximum bridge displacements as a function of speed.

These results make it possible to deduce the dynamic forces on the bridge knowing its
structural characteristics up to the foundation. It can also be noted that the bridge does not
enterinto resonance up to 220 km/h. The trend of the results suggests that the structure of the
2 hridge over the Wouri could support modern fast locomotives. The model of this paper is
satisfying despite the fact that we note a limit of the model when the train is not completely
onthe bridge.

2. General conclusion and outlook

The work we have carried out in this paper aimed at allowing a quick calculation of the
dynamic responses of the railways in order to facilitate the selection of the existing rail
bridgessuitable to receive a modernised railway fleet. The main excitation of the system is the
set of geometrical defects of the track, modelled by the sinusoidal function PSD of the German
modelbecause it is the most complete model in defect typology. Through FEM, we worked
with a three-layer track model with unequal elements and a vehicle model with 10 degrees of
freedom.For the case study on the second bridge over the Wouri, a system of equations with
3914 unknowns (vertical displacements and rotations) was obtained and solved by the inter-
iterativemethod. The dynamic displacements and accelerations of the rails and the bridge at

each node were calculated when a locomotive passes. It was found that this bridge would be
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able to accommodate locomotives at higher speeds (220km/h) as the displacements remain
below 258mm (the maximum being 90mm) and the accelerations. The fact that the bridge has
a largecurved section leaves some doubt as to the limitation of centrifugal acceleration which
will needto be investigated. Our work could be extended to the calculation of the centrifugal
acceleration,making it more relevant in 3D, i.e. taking into account the transverse parameters of
the structure, its lateral behaviour. It would also be necessary to take into account the
behaviour of the rails and the bridge when the train is not entirely on the bridge and when it
involves the continuity of the railway track, which rests on natural or stabilised soil whose
mechanical and structural properties are extremely different from the bridge structure.
Through an in-depth investigation, it would be interesting to multiply the case studies to all

the railway bridges of Cameroon in order to recognize the most suitable for modernity.
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